A general thin lens analogy between a holographic optical element (HOE) and a conventional optical element (COE) is discussed.
Introduction
There has been an increasing interest in holographic optical elements (HOE) in the past ten years. Ray tracing through a planar HOE has been suggested by some authors. The thin lens model of the HOE was suggested by Sweatt 6 who was successful in proving that the HOE is equivalent to a thin lens with a large index of refraction and a small thickness.
In Sweatt's paper, he analyzed the planar HOE clearly.
In this paper, taking the analogy between COE and HOE suggested by Sweatt, and using the aberration theory of the thin lens, we derive the aberration formula for the curved HOE with two exposing centers collinear with the substrate center.
From the derived formula, we obtain the generalized aplanatic condition for the HOE.
For the special case in which the playback wavelength Ar is the same as the construction wavelength 1c, we have the result as presented in Welford's paper. (7,8i In this paper, we show that bending the HOE will affect the spherical aberration and coma, which makes the generalized sine condition of the HOE possible.
Third Order Aberrations
For a thin lens with a centered pupil, the structure aberration coefficients of spherical aberration, coma, astigmatism, and Petzval curvature are defined as (9) 
, K is the conic constant of the fourth -order aspherical surface and n is the index of refraction of the thin lens. The shape factor X' = (C1 +C2) /(C1 -C2), and C1 and C2 are the surface curvatures of a singlet lens.
The conjugate factor is Y = (u' +u) /(u' -u) where u and u' are the marginal ray angles upon entry and exit from the singlet. Then spherical aberration, coma, astigmatism, and Petzval curvature are where ü is the chief ray angle, is the power of the singlet, and h is the radius of the pupil. The Seidel aberration coefficients, SI, SII, 5111 and SIV are linearly proportional to the structural aberration coefficients, ai, all,olll,and aiv, respectively. The proportional constants between Seidel aberration coefficients and the structural aberration coefficients are shown in Eqs. (5), (6), (7) , and (8) . The structural aberration coefficient of shperical aberration, al, is dependent on the shape factor X and the conjugate factor Y; that is, the bending of the lens and the position of the object will affect the spherical aberration.
Similarly, coma is affected by the shape factor X and conjugate factor Y. But astigmatism and Petzval curvature depend on neither the shape factor nor the conjugate factor.
Thus, the structural aberra-
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Third Order Aberrations
For a thin lens with a centered pupil, the structure aberration coefficients of spherical aberration, coma, astigmatism, and Petzval curvature are defined as ^"J QJ = AX' 2 -BX'Y + CY 2 + D + a 1
(1)
where
, K is the conic constant of the fourth-order aspherical surface and n is the index of refraction of the thin lens. The shape factor X ! = (C]_+C2)/(Ci-C2), and GI and C2 are the surface curvatures of a singlet lens. The conjugate factor is Y = (u 1 +u)/(u'-u) where u and u f are the marginal ray angles upon entry and exit from the singlet. Then spherical aberration, coma, astigmatism, and Petzval curvature are
where u is the chief ray angle, (j> is the power of the singlet, and h is the radius of the pupil. The Seidel aberration coefficients, Sp Sjj, ^m anc* Sjy are linearly proportional to the structural aberration coefficients, ai, ajj,ajjj,and crjy, respectively. The proportional constants between Seidel aberration coefficients and the structural aberration coefficients are shown in Eqs. (5), (6), (7), and (8). The structural aberration coefficient of shperical aberration, aj, is dependent on the shape factor X and the conjugate factor Y; that is, the bending of the lens and the position of the object will affect the spherical aberration. Similarly, coma is affected by the shape factor X and conjugate factor Y. But astigmatism and Petzval curvature depend on neither the shape factor nor the conjugate factor. Thus, the structural aberra-CHEN, SWEATT tion coefficients provide us with substantial information about the image quality. If the substrate curvature of a HOE is c, then the shape factor of this HOE, X', is approximately equal to 2nc /qb because of the very large index of refraction of a HOE. To eliminate the poorly defined index of refraction of a HOE, we define a new shape factor, X = 2c /qb, which is independent of the index of refraction of the HOE, but is proportional to the substrate curvature and the focal length of the HOE.
We 
For a planar HOE, X = 0 because c = 0 and the aberration coefficients derived using Eqs. (9) , (10), (11), and (12) will reduce to the same equations as in reference 10, for the two exposing centers (0,0,z1) and (0,0,z2) perpendicular to the planar HOE.
Aplanatic Condition
If an optical system has SI = S11 = 0 simultaneously, we say that it is aplanatic.
Setting Eqs. (9) and (10) CHEN, SWEAT! tion coefficients provide us with substantial information about the image quality. If the substrate curvature of a HOE is c, then the shape factor of this HOE, X 1 , is approximately equal to 2nc/cj) because of the very large index of refraction of a HOE. To eliminate the poorly defined index of refraction of a HOE, we define a new shape factor, X = 2c/<|>, which is independent of the index of refraction of the HOE, but is proportional to the substrate curvature and the focal length of the HOE. We designate y = A r/A c . Then the aberration coefficients of a HOE are -4XY + 3Y2 + 1 + -I ax!
S m = h 2 yu 2 cj> c (9), (10), (11), and (12) will reduce to the same equations as in reference 10, for the two exposing centers (0,0, zjj and (0,0, z 2 ) perpendicular to the planar HOE.
If an optical system has Sj = Sjj = 0 simultaneously, we say that it is aplanatic. Setting Eqs. (9) and (10) For the case y = 1 and Yc = 1, Y has to be equal to YC to satisfy the aplanatic condition. Therefore, the minus sign in front of the square root in Eq. (17) For any Y value, there is a corresponding Xe and a corresponding Yc which will satisfy the aplanatic condition. Figure 2a is the case for p = 1, Figure 2b is the case for p = 2, and Figure 2c is the case for p = 10. Comparing these three figures, we see that Xe and Yc are approximately increasing by u2 /u1 times for any particular Y value to satisfy the aplanatic condition when pi is replaced by Ú2. The plots of Eqs. (18) and (19) are shown in Figs. 2a, b , anc c. The x axis is the conjugate factor Y, and the y axis is the shape factor of the HOE X c and the conjugate factor of the exposing process Yc . For any Y value, there is a corresponding X c and a corresponding Yc which will satisfy the aplanatic condition. Figure 2a is the case for y = 1, Figure 2b is the case for y = 2, and Figure 2c is the case for y = 10. Comparing these three figures, we see that X c and Yc are approximately increasing by 112/111 times for any particular Y value to satisfy the aplanatic condition when yi is replaced by 112. The object at infinity will be imaged aplanatically onto the plane at the center of curvature of the substrate if we make the radius of curvature of the substrate equal to the focal length of the HOE, which has been done by Welford. (7) If we have two point sources located at (0,0,11) and (0,0,12) as shown in Figure 3 to make the HOE, then the conjugate factor is Ye = (2' +2)/(2 -2').
From Eq. (20), we have We have derived the generalized aplanatic condition of the HOE, which provides us with the formulas for the radius of curvature of the substrate and the conjugate factor. We may now construct the HOE so that the reconstructed image is aplanatic, even if the wavelength used in the construction is different from that of the reconstruction.
The thin lens model of the HOE, which we used to derive the generalized aplanatic condition, makes it possible to use the conventional optical design programs, such as ACCOS V or CODE V, to design HOE's.
From the previous discussion we know that the bending of the HOE will affect spherical aberration and coma.
In the design process, we can bend the HOE to eliminate coma and then vary the aspherical coefficients of the HOE to eliminate spherical aberration. Detailed results of the design of a HOE are available in report form. (11) CHEN, SWEATT 
Conclusions
We have derived the generalized aplanatic condition of the HOE, which provides us with the formulas for the radius of curvature of the substrate and the conjugate factor. We may now construct the HOE so that the reconstructed image is aplanatic, even if the wavelength used in the construction is different from that of the reconstruction. The thin lens model of the HOE, which we used to derive the generalized aplanatic condition, makes it possible to use the conventional optical design programs, such as ACCOS V or CODE V, to design HOE's.
From the previous discussion we know that the bending of the HOE will affect spherical aberration and coma. In the design process, we can bend the HOE to eliminate coma and then vary the aspherical coefficients of the HOE to eliminate spherical aberration. Detailed results of the design of a HOE are available in report form.C 11 )
